On open Riemann surfaces, we obtain a necessary and sufficient condition for conformai metrics to have prescribed curvature and the desired singularities leading to negative total curvature.
Introduction
Suppose M is a compact Riemann surface with Euler characteristic x (-W) • Let g be a compatible metric with its Gaussian curvature K . The problem of prescribed curvature is as follows: for a given function K £ C°° (M), is there a metric g that is conformai to g and has K as its curvature (cf. [KW] )? If we write g -e2ug, this problem is equivalent to solving the elliptic equation (1) Au + Ke2u = K on M, where A is the Laplacian under the metric g. If we integrate ( 1 ) over M we find that the total curvature of g agrees with that of g and is fixed by the Gauss-Bonnet Theorem to be 2nx(M). Let T be a finite set {px, ... , pn} of points on M, and let M -M\Y. Then M is an open surface. The problem of prescribed curvature on M can be stated as follows: for a given function K £ C(M), does there exist a metric g on M that is conformai to g and has K as its curvature on M ? In this case, we should find a solution of the equation ( 1 ) on M. Since M is noncompact the total curvature of g need not agree with that of g ; the difference depends on the asymptotic behaviour of the solution u near the points p¡. In this paper, the asymptotic behaviour of the solution u contributes singularities to g.
As a special case we may take M = R2 = .S2\{j?}. Several authors have considered the prescribed curvature problem on R2 (cf. [N, M2, M3, A, CN] ). A good survey is due to Kazdan (cf. [K] ). Recently, many of the results on R2 have been extended to the more general open surfaces M by Hulin and Troyanov [HT] and McOwen [Ml] .
For example, Ni [N] and McOwen [M3] considered the problem of prescribed curvature with negative total curvature on R2 . They found that if K < 0 and K = 0(\x\~') for / > 2, then there are conformai metrics with K as its curvature and negative total curvature on R2. This result was extended to the more general surfaces M in [HT, Ml] .
As another example, in [M2] McOwen used the variational method to obtain results on positive total curvature on R2 ; but, in addition, he observed that a necessary and sufficient condition for a conformai metric on R2 to have curvature K = 0(\x\~l) for / > 2 and zero total curvature is:
These results were extended to the more general surfaces M in [HT] ; in particular, the necessary and sufficient conditions for K to be the curvature of a conformai metric with zero total curvature become (i*) K changes sign on M,
where gá is a flat conformai metric representing the divisor a on M (cf. § 1, Definition and Proposition).
In this paper, we shall study the prescribed curvature problem with negative total curvature, but removing the assumption K < 0 that exists in all previous works (cf. [N, Ml, M3, HT] ). We shall find that the condition (ii*) is as decisive for negative total curvature as it was for zero total curvature: if (ii*) holds under some flat conformai metric g& representing the divisor ä on M , then there are conformai metrics with K as their curvature and negative total curvature; in other words, condition (ii*) implies that the equation (1) on M has solutions with the prescribed asymptotic behaviour near the points p¡. Moreover, condition (ii*) is also necessary for the existence of solutions of (1) with the desired asymptotic behaviour near the points p¡ (cf. Theorems A, B). In the special case R2 = S2\{p}, we obtain condition (ii*) as a necessary and sufficient condition on R2 (cf. Corollary). This result was not obtained in the earlier work on R2.
Main theorems
Throughout this paper, without loss of generality, we assume that the metric g is Euclidean in a neighborhood of each point p¡ (cf. [Ml] ). Denote r¡ -dist(x, pi) under the metric g . Following Hulin and Troyanov (cf. [HT] ), we shall use the following terminology.
Definition. On a compact Riemann surface M, a metric gn is said to represent the divisor a := Yü=x a'Pi > a, G R, if there is v £ C°°(M) n H\(M) for some p > 1 such that gtï = e2ur2ni g in a neighborhood of each point p¡. In this case, the Euler characteristic %(M, a) of (M, a) is defined by n X(M, a) = x(M) + YJn<-i=i M. Also, the more general conditions v £ LX(M) and Av £ LX(M) (weakly) that are used in [HT] will not be necessary in our case. We first observe that if /(A/, a) = 0 then we can represent a by a flat conformai metric. This was observed by Hulin and Troyanov (cf. [HT, Theorem 7 .1]), but we shall give a proof in §2 for the sake of completeness.
Proposition. Let M be a compact Riemann surface, let Y -{px, ... , pn} c M, and let M = M\Y. If á:= £?-] a¡p¡ is a divisor with x(M, <*) = 0, then there exists aflat conformai metric gä = e2u'g representing á. Moreover, gá is unique up to homothety (multiplication of gá by a positive constant).
Next, we investigate the role g& plays in representing a divisor a by a conformal metric ga -e2ug. The following result provides a necessary condition. For the sake of convenience, we define for any two divisors a := £/=i a,p, and ß := J2"=l ßiPi having same support Y, where dAo is the area element under the metric g . Thus, Ac < 0. By Proposition, condition (ii*) in Theorems A and B does not depend on which flat conformai metric we choose in the homothety class. If we apply Theorems A and B to the case M = 5'2\{/a} , then we obtain the following necessary and sufficient condition for solving the prescribed curvature problem on R2.
Corollary. Suppose K £ C2(R2) satisfies the condition that K = 0(\x\~') as \x\ -> oo for some I > 2. Then there exists e > 0 such that for any X, 0 < X < E, the equation 
Proofs of the theorems
In this section, we first give a proof of Proposition that is slightly different from the one in [HT] . Then we prove our necessary condition in order for the function K to be the curvature of a conformai metric representing the divisor a .
Proof of Theorem A. Let ga = e2ug be a conformai metric representing a with A? as its curvature, and let gä = e2"lg be a flat conformai metric representing a with x(M, a) = 0 and a < ä . Thus 0.
IM\BC (T) where az, is the unit normal towards p, on dB£(p¡) and ds, is the length element under the metric on dBe(p¡) induced by the metric g . If a, < a,, as In order to prove the existence of the solution u of equation ( 1 ) with the desired asymptotic behaviour near the points p¡, we first rewrite equation (1) for some p > 1 , we ought to solve equation (2) for W £ C°°(M) n HP(M). In [KW, §10] , Kazdan and Warner discussed the equation Au -c -he" with c < 0 in the C°°(M) category. Here in equation (2), Ka £ LP(M) for some p > 1 . So we shall modify the approach in [KW] and find a solution of equation (2) Proof of Corollary. Note that under the stereographic projection P: R2 -> .S2\{/?} , 4|x|~' « dist (Px,p) as |x| -» oo and the Euclidean metric on R2 can induce a flat conformai metric on S2 representing a divisor a := -2p with X(S2 , a) = x{S2) -2 = 0. Thus, under this projection, by translating Theorems A and B on S2 into R2, we have this corollary.
